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EDGE WAVES ON SHEAR FLOW

1. INTRODUCTION

Edge waves, or trapped waves play an im portant role in different m or­
phological and hydrodynamic processes, which can be observed in the 
near-shore region. At the same time they represent very interesting 
solutions of the w ater-w ave equations for a sloping beach. These are 
waves propagating along the beach with am plitude decaying exponen­
tially out to sea. Ursell [13] showed that for a straight beach with 
a constant slope tg (3, there is a sequence of edge waves, the n th  mode
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of which has a frequency 0 =  [g?c sin (2n-)-l) |3]1/2 where (2n + l )  
amd k is the wave num ber. Thus, the first edge-wave solution ace. to 
Stokes (l’846) — the pioneer of the edge wave theory, is only the zero mode 
in this sequence. The continuous spectrum  of harmonic waves and the 
above finite discrete spectrum give all exact solutions to the full linear 
wave problem on a uniform ly sloping beach.

Further development of the edge-wave theory requires more assum­
ptions. Eckart (1951) considered the same problem using the linear shal- 
low-water approximation and found an infinite set of edge-wave modes 
with a = [gk (2n-|-l) tgp]v*. This solution indicates good conformity with 
Ursells’ results far ¡sufficiently small values of (2n-f-l) (3 aind is valid only 
for fairly short distances from the coast because of the failure of the 
shallow-water assumption in the deep w ater at infinity. Nevertheless, 
in view of the simplicity of Eckarts’ solution, his results are widely 
applied for practical purposes. For less idealized topographies it is impo­
ssible to obtain similar accurate sotutions.

Our knowledge of edge waves has significantly expanded in the 
last fifteen years. Different shallow-water procedures have been de­
veloped to describe trapped waves around islands, on the continental 
slopes and on other more realistic depth distributions [3], [6], [10],... Non­
linear adge-wave problems are considered in both shallow-water [7], [9] 
and full formulations [13], where, as can be expected, the frequency is 
expressed as a function of amplitude. The problem of edge-wave gene­
ration, which is one of the most interesting problems in edge-wave stu­



dies, is considered in [4], [8], [9],... It is.w orth mentioning here that many 
of the obtained results are verified by experim ental works. One area of 
interest cen tre^  on the effects of edge waves on rhythm ic features along 
beaches, w hich include beach cusps, oresentic bars and rip currents. There 
are numerous references iim [5],

So far in edge-wave studies the absence of flow in the w ater is 
assumed. But it is well-known that in many circumstances, along beaches 
there are flows whose velocity changes w ith depth. The main aim of 
this work is to consider edge-waves on these shear flows. We shall res­
tric t our attention to the linear shallow-water theory and to depth dis­
tributions bounded at infinity. In § 2 the basic equation for the surface 
elevation in the case of both arb itrary  velocity and depth distribution 
is given. The possibility of edge-wave existence for a linear velocity pro­
file and for a wide class of depth profiles is also discussed. In § 3 the so 
called quasi-edge waves in immobile w ater on a broken-line depth are 
shown to be the single solution which gives the continuous hydrodyna­
mic pattern  at the breaking point. These waves descrease exponentially 
w ith distance from the origin to this point as ordinary edge waves and 
after that keep a constant am plitude as harmonic waves. Jn  § 4 an exact 
quasi-edige solution is obtained foir the case of a linear velocity profile. 
In the last part, an approxim ate procedure for quasi-edge waves in the 
case of a polinomial velocity profile is presented and is described in de­
tail for a parabolic velocity profile. The effects of shear flows are discus­
sed. It is shown how to expande the procedure to a broken-line depth 
w ith more points of breaking.

2. BASIC EQUATION

Suppose tha t in the w ater body shown in Fig. 1 there is a shear flow 
described by

U°=U°(z ) .  V ° =W° = 0  , P° =-Qgz, (21)

■We will assume tha t the depth contours are parallel to a straight coast 
line and th a t far from the coast the deipth tends to a constant value hi. 
In general, near the coast the flow must change w ith y  also and vis­
cosity cannot be ignored there. Assuming, however, as is usually accep­
ted in the w ater wave theory, tha t the complicated behaviour of w ater 
motion in a small coastal region does not influence edge wave param e­
ters significantly, we can consider (2 .1) as one of the possible flows in 
the near shore zone.



The linearised shallow -w ater equations im this case can be w ritten
as fallows

u t +U °lTx + w = -grad'p/Q

P z = 0 ,  d i v t f = 0  1221

Where u (u, v, w) and p demote velocity (with ist components) and pres­
sure associated w ith wave motion, ij is the un it vector in the X direc­
tion. Let E(x, y, t ) denote the surface elevation and  z — —H(y) the sea 
depth, then boundary conditions are

Ct  + u ^ ,=  w at z :  0 (2.3)

p - Qgç = 0  a t z = 0 (2.4)

v cos 0 + wsinG =0 at  z = - H ( y ) (2 5)

ç musit be bounded both a t  y — 0 and y — oo (2 .6 )

Solutions which represent edge waves travelling in the flow-direc- 
tion w ith the wave num ber k and frequency o are found in the form

[u, v, w.Ç = iU(y,z),  V(y,z), W(y, z ) . a ( y ) exp i(kx-at i (2.7)

As ws are concerned here only w ith long waves, the function

f 'b $=  — U '(7)  can. ¡be assum ed to be positive everyw here for —H(y)

^2^50. Substituting (2.7) into (2.2) and  using (2.4), (2.5) w ith the obvious 
relation: cotg O — tg  [3 — H’(y), w here 0  and  (3 a re  shown in Fiig. 1, we 
obtain the following equations:

U = i (Vy + Wz )/k , V = - i g a ' / ( k f ) . P = Qg§

(281
W ; - ( a - k a ) f  [f (z)dz: iga H /  kf)k J 3 z * - h-My)

From (2.3) and  (2.3) the equation for the am plitude z[j)  is

F5F2a" + H a' ♦ k2F2( - £ - - F , ) a  s 0 (29)

o
where F1 = J f ' 2dz , F2 = (2.10)

-w



or in the self-adjoint form:

( 2 .11) 

( 2.12)

The prim s denote derivation w ith respect to y. In the fram ework of 
shallow-water theory (2.9) is the basic equation in edge wave studies 
for the case of an arb itrary  shear-flow velocity profile and an arbitrary  
depth distribution.

It is interesting to note that, of the sea depth is constant and a is 
found in  the form of sinusoidal waves: a =  a0exp {iky), then (2.9) reduces 
to the well-known Burns’ dispersion relation for long waves on shear 
flow [2]:

u
g J r  ce - u°(2) r 2dz =1

-H

as can be expected. On the other hand, if there is no shear flow, (2.11) 
yields

(Ha')'  + ( y  - k2H ) a = 0 (213)

This is the shallow-water wave equation in immobile w ater for an arbi­
tra ry  depth distribution. Eq. (2.9) and the condition obtained from (2.6):

a iiis bounded Ibotth a t 0 aind alt oo (2.14)

form ulate an eigenvalue problem which can, in general, be solved only 
by numerical or approximate methods (even the much simpler Eq. (2.13) 
has mo exact solutions). It is w orth considering the nature of the  spec­
trum  of the form ulated problem (2.11) and (2.14). Unfortunately, the 
relevant theory, as can be seen from  the lastest achivements in boundary 
problems of differential equations, is not yet sufficiently developed. 
However, if we restric t ourselves to the  case of a linear velocity profile:

U°(z) = U0 + U,z , (215)

we can show some properties of the spectrum for a large class of depth 
distributions which deciribe quite realistic seabed profiles:

:[£,(y.ce>flj'* E2(y,ce) a = 0 , cft = a / k

where _ r , , , ,  , ,
E, = exp j HF, Fj'dy , £ 2 = k2 E,(g~1F,'1- 1)



H=y tg f 3  as y-»0 .• H : h ,  as y co

H ' i O .  H 'SO  . H '5  0 

One of the suitable depth distributions, for example, is K ^ I - 6  ' /. 
Taking into aocouint (2.15) we ¡otobaim. from (2,11) and  (2.12)

I Ha')'* (a>2/g - k 2H ) a = 0
(2.17)

where <u = a  - k U0 ,  K2 = k?( 1 - oj U1 / g k ) (218)

In order to consider the spectrum of (2 17) and (2.14), it is conve­
n ien t to  reduce (2.17) *t<o (the oorm al from applying the Liciuviile trans­
formation (see [12])

u(s) = H1Ma s = {  H1/2dy
o

Then (2 17) can be w ritten as

u" + (A  - q) u = 0 (2.19)

A = uj?/g  q = K2H - I tL l  , d.  u" 
where ' 1oK 4 n  (2 .20)

Invoking the relations s = 2 (y /tg  f3.)ly» as y—0 , =  Hu ^ 0  amd (2.16) 
we can show that q increases w ith s far 0< s< oo, q~{s2K2tg- 0 — s-2) / 4 
for s->-0 and q-*K2h 1 for s-+oo. From the relevant theorems in [111 we know 
that the s ¡angularity a t s = 0  iin this case allows us 'to consider the prob­
lem as if there were no singularity at all. The spectrum  is discrete in 
toe iimtervail }.<K2h, and continuous nn ahe in terval 1>K2hi. Tihe first 
interval corresponds to edge waves, while the second one to ordinary 
harmonic waves. The number of discrete modes can be infinite or finite 
dteipeinebnjg on w hether 4 th e  pomit l — K 2h, is a point of accum ulation or 
not. It is interesting to note that the set of point eigenvalues, therefore, 
can even be empty. The results obtained in the next parts confirm the 
(possibility of absence of edlge waves, although th e  function Hi(y) there 
will be assumed to have discontinuous first derivative at some point, 
say, h. .

y tg |3 for 0 ¡= y s I ,
H(y) = ■

h, = I, tgB for y = ot (2 21)



It w ill be shown that for the depth profile (2.21) edge waves, in the 
classical sense, do not exist, but it is possible to have so called „quasi- 
-edige waves”.

3. QUASI-EDGE WAVES IN IMMOBILE WATER

In order to consider quasi-edge waves on shear flow, it is useful to study 
these ¡waves fiinst for the case ¡of absence of any  shear flow. As mentioned 
in the end of § 2 we will only be concerned with the depth distribution 
described by (2.21). The equation (2.13) then reduces to

y a" + a' + ( a2/g tg[5 - k?y I a = 0 for 0 s y S l1 (3.1)

a" ♦ [a 7/ gh,j -k2)a= 0 • for i , s y < c o  (3.2)

At y =  lx the hydrodynamic pattern  must be continuous. It demands 
continuity of the surface elevation and its slope, i.e.

* l a )  = 0 . la' )  = a at y = l, (3.3)

Solutions to (3.1) can be found in the form

a - (y J1 (34)

where cp(yi) m ust satisfy the Laguerre equation

11 '  yi 1 *Py, j 0 , . y,= 2ky> '(3-5)

X = ( <r2/g tgfi - k )/2 k

The condition (2.14) requires the regularity  of cp in the vicinity of yi =  0, 
while the first condition in (3.3) involves the boundedness of cp at 1  ̂From 

' the Laguerre equation theory [12] we know tha t all these conditions will 
be satisfied by

^  (yi1 = £ c«yi (3.6)
v=0 .

Indeed, substituting (3.5) into (3.4) yields 

c  - v X C C - ( - 1 X ( A ^ ).. ( A - v> +1) c
'" 1_ (v̂ +1) 2 * * * (v> !)2 0 i37)

The series (3.6) hais infinite radius of convergence. Hance cp a t li is 

bounded and is equal to



Let -us consider noiw Eq. (3.2). Notice tha t the shallow-w ater wave 
equation in the interval [li, oo] 'is

+ iyy ~ ^  5tt " 3 ¡3.8)

If |  is a simple harmonic wave, i.e. |= e x p  i (kx +  my — at) (3.8) 
involes aVghx =  k2 +  m2/  Hence the phase velocity c =  o /(k 2 -f- m2)1̂  =  
(ghi)v 2. It meamis tha t a2/gh i — k2 in {3.2) m ay be positive and Eq. (3.2) 
can have oscillatory solutions

a = A cos my + B sin my (3 9)

m 2 = ^ - k2 » 0 1
Using (3.3) we obtain

A - O-i cos ml, - D2sin ml  ̂ f B = D,sin ml, + 02costnl|

D1 = e" kLl ,f (l,) , 02 = e ' kl1

<f'(l,)=2k £  vjc^zkl, J*'1 13.11)

In view of (3.5), (3.9) can be w ritten as

a - (u ,  + 02) cos i m ( y - ! , ) - £  ] ( 5 = a r c t g ( D 2/ D 1) (3.12)

Following Lcnguet-Higgins [6] we represent |  in the form

(313)

Ç = y (D f *D2)1/  ̂|exp i ikx-m(y- l , )  - a  t - cf] ♦

+ exp ¡ l k x + m ( y - l , ) - c r t  + cflj

The first term  in (3.13) describes a wave propagated from infinity 
to the right of the discontinuity while the second one can be considered 
to be the reflected wave propagated to infinity. For the angle a of in­
cidence a t y = li, sin a =  k /(m 2 +  k2) /i  — k(ghi)x/s/a  and there the wave 
undergoes a phase-change of 2 <f It is im portant to emphasize tha t non- 
-oscillatory solutions do not exist, as the conditions (3.3) can not be sa­
tisfied by non~oscillatory solutions. So ia r X in (3.5) can have every real 
value unless any additional condition for the behaviour of cp is made a t 
y =  lj. Remembering that we want to have a wave decreasing exponen­
tially in the interval [0, li] then we must assume that cp m ay increase 
at most algebraically at lj, i.e. there must exist a positive integer N and 
a positive constant A° such that



l«pdi)l < A°l? (3.14)

Hence the problem under consideration has a solution if and only if X
has one of the values 0, 1, 2, 3......  n, because the series (3.6) reduces
then to the Laguerre polinomials of degree n /  then cj =  0 for j> n / .  
This means

1 o ^
x = 2 k (̂ i B " k , ? n  0r gk(2n*1) tg &

f(y) = L„(2ky) , L n ,5) = i l | _ le-U ™, (315)

L o = 1 • L,  = l * 5  . L 2 = 1 - 2 1 =  ♦ - J - 5 2 ,

L 3 = 1 - 3 5  + | ^ - ± ^ 3  . . .

The obtained solution presented by (3.4) and (3.15) for 0 < y ^ li as 
well as by (3.9) and (3.10) for lx <  y ^  00 describes a wave which expo­
nentially decreases w ith  y for 0 ^ y < li and  has a constant am plitude 
for lx <  y <  °°. If li is large enough the am plitude for y ^  li is quite 
small and the wave is, ^s may be said, trapped at the shore. Waves of 
this type will be called ,,quasi-edge waves” . They are exact solutions 
of the form ulated eigevalue problem when the depth profile is the bro­
ken line (2.21). Both edge waves and quasi-edge waves have the same 
modes defined by the relation a2 =  gk (2n +  1) tg |3 and they are identi­
cal for O ^y^li, buit they are quite different in the second interval be­
cause edge waves continuously decrease exponentially w ith  y. It is w orth 
noting tha t while the beach slope (3 m ust be very  small for edge waves 
(see [13]), it may, theoretically, be large enough for quasi-edge waves 
satisfying the inequality 0<p<Jt/2 as for the validity of (3.1) and (3.2) 
it is necessary only to have khx ^  1.

The wave pattern  is schematically shown for the lowest modes 
(n =  0, 1, 2) in  Fig. 2. The exact behaviour of ithe w ave als given graphi­
cally, fox example in [5],

4. QUASI-EDGE WAVES FOR LINEAR VELOCITY PROFILE

In this part we consider quasi-edge waves on the surface of the flow, 
the velocity profile of which is described by (2.15) for the depth distri­
bution presented by (2.21). Eq.(2.17) reduces to



(4.4)

v o - * 0 * * ( - i £ L - K 2y ) a  = 0  for O s y ^ l ,  K-1)
f , g tgp

0 - «. (.  -  K2) a = 0 for I, < y « 00 !A 2)
gh|

where co and K are defined by (2.18). Using the solution of the similar 
problem  in § 3 we can easily obtain

e~KI L (2ky) for 0 $y si I,
? =  g i l k x . o t )  J   ̂ (43J

(D2 + D2)1/2co s [m {y - l . , ) -£ ]  for l , $ y < c o

w here 8 is determ ined in (3.12), co2 =  gK(2n -f- 1) tg  fl 

D, = exp (-KIn) Ln(?kI^)

0 2 = K exp(-Kl1!(2L;(2Ky) - Ln(2Ky) 1 y=.^

( a  -  k U 0)2 = g k ( 2 n *  1) 11 -  U , ( a - k U 0) / g k  ]1/2tg|3 (4.5)

l a  -  kU0 )2 = ( k 2+m2) gh,  . M.6)

o < ( g +U0.U1 ) k / U,

For the Oth and th e  list order w e have respectively

D,= exp(-KI,) t D2 = Kexpl -Kl^ /m / i  = -arctg(K/m)

and D,= e x p l - K g d - Z K l , )  , D2 = K ( 2 K l r 3 ) e x p ( - K l 1)/m

$ = arc tg [ K (2KI,- 3) /  m (1 - 2KI ,) 3

The surface pattern  is indentical with the one shown in Fig. 2. In 
order to show the influence of flow param eters on quasi-edge waves, 
it Sis more convenient to  consider the phase velocity. Ce =  a/Ik amid the 
relative phase velocity cTe =  Ce —  Uo. In term s of ce and Ce from (4.5) and 
(4.7) we can write

c,  = (2n+ 1 )g tg3(1 - ceU-,/g )'/2/k  and ce < g / U 1 (4.8)

c ? /ceO = ('>-ceU1/g)1/2 c20= (2n+1)g tgfi/k (4.9)

It can be seen from (4.9) tha t the relative phase velocity of quasi- 
-edlge waves propagated an the fLow-direction is smaller than  the phase 
velocity of edge waves. Considering Tt as a function of Ux we can con-

(47)
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elude that the phase velocity decreases with the gradient of shear flow. 
The maximal value of ce is reached at U! =  0 and is equal to Ceo. So, the 
relation ce<ceo +  Uo becsmes an unequality only for the uniform  flow. 
In addition, we can see from (4.3) tha t quasi-edge waves on the flow
(2.15) decrease with y slower than the corresponding edge waves. The 
power K varies w ith Uo and U i after (2.18). The obove dependence of 
quasi-edge waves 'on the flow (2.15) gives us an  approxim ation of de­
pendence of these waves on shear flows in general because (2.15) des­
cribes the first approximation to any real shear flow.

5. QUASI-EDGE WAVES FOR PARABOILIC VELOCITY PROFILE

It is seen above tha t w ith the exception of the linear velocity profile
(2.15) exact solutions to the problem (2.9) and (2.14) are impossible. On 
the other hand, every velocity profile can be presented by a polinomial 
of suitable 'degree, say ¡m, w ith the  required accuracy. Therefore dt is 
w orth developing here a procedure of approxim ated solutions for a poli­
nomial velocity profile. In  this part, as an example of this procedure, 
approxim ated quasi-edge waves will be found for the parabolic profile:

U°(z) = U0(h2- z2)/hJ (5.1)

while the depth distribution will be given as before by (2.21).
For long waves, in natural circumstances we can assume tha t max 

U°(z) /ceCl and e =  max U°(z)/Vgh1 ^1. In our case max U° =  Uo 

and e =  Uo/Vghi.  We can write.

F = = Z “ r  jiU °!z)lndz (5.2)
Ce-H(y) n=° 6 -HW>

In view of (5.1) for 0 < y ^ l i  to th ird  order of 1 /c e  we obtain

F, = ce3gtgjl t c e+ 2e\ZpT.,.(1-y.2tg2p/3h*) ] + 0 (c '3) (5.3).

hence Fi at y  =  1̂ , equals

F* =h l-Cg3[ce+Ae\/gh1 / 3] (5.4)

Eq. (2.9) reduces to /

FjF^o" + tgP a' + k2F2(-̂ - -F1) a = 0  for (5.5}

F*a" + k2( -  F*) a =  0 for y < “ . (5.6)



The condition at y =  lj is (3.3)
First let us consider Eq. (5.5) Its solution can be expressed as a po­

wer series in e .

a = a0(y) + ea^y) + e2a 2(y) *■„. (5.7)

c« = ce0+ GC1+ e2c|+... (5 8)

Substituting (5.7) and (5.8) into (5.5)'and equating powers of e we obtain

a t zero order ' " W  " i '10’ “ 0 l5 '9 ’

a t oth order yo ; * °» * k’ ( = e«pM <y| l y y . t j  15.10)

w here in view of (5.2) Rn is a polinomial with cn contained in the free 
term . The solution of (5.9) gives classical edge waves in absence of any 
flow as can be expected:

V  exp(-ky)l_n(2ky) (511)

Ce0 : ( 2 n* i )  g t g B ' k  ( 5 1 2 )

Solutions to (5 10) can be found in the form

On -- exp(-ky) Aln)(y) {513)

Nfri)

5.U)where y A’,ni* 11 * 2 kV1 A'(ni r Rm r Ro(c"’ * i n  Rmym

The required integral of (5 10) is

• e x p l - k y l / ^ d y . f ^ y ” (51SI
*1 w y ms"

AN= R N/ 2 k .  Am = ((m +1) Amt1 - Rm 1 /  2 k (5.16)

where
m = 0 , 1 , 2  3 ___ ; N - 1

Boundedness of a in (5.7) involves boundedness of each an. There­
fore from (5.15) we must have an equation for cn:

A0 (cn ) = 0 (5.17) -

It is interesting to note that Cn can also be evaluated from the certain



orthogonality relation between exp (—ky). Rn and a0 considering an and 
cio as functions in the interval [0, °°] and requiring boudendness of an 
and a’n at 0 and

V

T
J a 0exp(-ky)Rh)(y ]dy = { y[a0a' - a0a'n] f  = 0  (5.18)
u c

Following, the above procedure we can obtain succesive approxi­
mations. In. vieiw of complicated final formulae we give -only the first 
and second approximation and only for the lowest mode (n =  0). At first 
order

R(11= - k / c e0! 2 c,-  - ^ 1 — ( 2 ĥ  - y2tg2(i )]
ni

c, = \ / g h j (1 - R ) . o, = m  v ) e . ky (5.19)t (5.2a)
2 ce0h, k 2

At second order

R 01= I  Dny" , Dn = - gDn/ c | 0 ♦ c ’0= g t g 3 / k
«• n: 0

D0 = k h , { R 2* 2 c 2/* \ /g h i )  . D, = - 'ik ’ hjR2 .

D2 s  k t g * M 4 - 5 R  - 4 t f M - R J ( 2 - R H / 2 h, ,

D3 = tg2e (k 2* ^ -  ¿ ¿ S . -  * R } ( l - R ) ] / h ,  .

D*= k t c f M * ( 1 - R ) -  - | - ] / 3 h ?  #

D3 s k2 tg<0 [¿f (1 - R ) - 1  1 /  6 hf .

R = t g 2 p / 4 k ?h? . = > / g ^ / c e0

r , 15.21)
c 2 = c ^ R i t f l R U f R -  69] ♦ 22 1 ♦ 47R - U}  

o 2 s e x p { - k y ) i i a - y ™  .  € s s - .
m=1 *" 3 . 2 k

P c i a i U i a d  ~ Dm 15.22)
m 2k



To second order using (5.12), (5.19)-f-(5.22) we obtain 

a = e x p ( -k y l| l .  y [ - L  . f  ) .

(5 .23)
for 0 s y < I,

ce = ce0 + U0(1 - R ) + ce0RUq{ ÿ i R (47R - 69 )♦ 22 ] + 47R - 1A}/

/ 4 g h ,  (5.24)

Now we re tu rn  to Eq. (5.6). By analogy with the sign of the coeffi­
cient (a2/g h x — k2) in (3.2) we can write

gF* = f g ( c e-U0 )"2 dz « g h ,/ (c e- < 1'

The solution to (5.6) satisfying (3.3) is

t =  ( Q2 ♦ Q| )1/2 costmt y-L-, ) - ) for I, < y < oo (5.25) 

where m =  k (l/g F !*  — I)1/* and ce in Fj* is replaced by ce from (5.24).

Q, = expi-kUJtl^- (4 -   ̂ ITl-)-4-’ IT1 ] (5.26}1 1 2 ceo 2 kl, g h , ^  m 1

32 = -kQ, . exp(-kL,)[ (-—  *  i )  ^  J i L |  E „ r -  ] (5. 27)

The expressions (5.23)—(5.25) therefore give the required solution 
with an error of 0 ( U o / c }co gin-,).

The effect of the flow (5.1) on quasi-edge waves can be seen in the 
last two term s in each expressions (5.23), (5.24), (5.26) and (5.27).

To conclude this part, it should be noted that the procedure describ­
ed above can easily be expanded* to a broken lime presenting the depth 
profile with more points of discontinuity, say, lj, 12, ..., lm. It is necessary 
then to use also the other solution of the Laguerre equation, which is 
not bounded at y =  0 but is finite for lj ^  y <  lj, 1 <  j <  m.



Pham Van NINH 
Polska Akademia Nauk 
Zakład Oceanologii w Sopocie

FALE KRAŃCOWE NA POWIERZCHNI PRZEPŁYWÓW 
WIROWYCH

Streszczenie
Celem głównym niniejszej pracy jest rozważenie fail krańcowych na powierzchni 

swobodnej przepływów wirowych (shear flows) dlia wypadku liniowej teorii płyt­
kiej wody. Otrzymano równanie dlia wzniesienia swobodnej powierzchni przy do­
wolnym rozkładzie prędkości i dowolnym profilu dna. Wykazano możliwość istnienia 
fal brzegowych dla liniowego rozkładu prędkości i szerokiej klasy profili dna. 
Aproksymując profil dna linią łamaną rozwiązano zagadnienie dla spokojnej wody 
uzyskując, jako jedyne rozwiązanie zapewniające ciągłość hydrodynamiczną, tak 
zwane fale quasi-brzegowe. W wypadku fal quasi-brzegowych przedstawiono dwa 
warianty: ścisłe rozwiązanie dla liniowego nozkładu prędkości oraz procedurę przy­
bliżonego rozwiązania dla wielomianowego rozkładu prędkości.

Omówiono także niektóre efekty przepływów wirowych.
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